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Image reconstruction of the absorption coefficients with /;-norm
minimization from photoacoustic measurements
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Background: The photoacoustic (PA) imaging by considering light propagation into image reconstruction
process can provide quantitative information of photon absorbers, such as hemoglobin and exogenous dyes,
and to improve their imaging contrasts.

Methods: A 2D image reconstruction of the distribution of the light absorption coefficient from the PA
measurements with light source and ultrasound transducer placed at the identical position was tested. The
PA pressures were formulated with the PA wave equation and the photon diffusion equation. The relation
between the PA pressure and the absorption coefficient was linearized. The image reconstruction was
carried out by minimizing the squared error between the measured and calculated PA signals. The /,-norm
of the reconstructed image was simultaneously minimized to improve the localization of the reconstructed
target in the image. The image reconstruction with the /,-norm minimization was compared to that with
the Tikhonov regularization by numerical simulation and phantom experiment. In phantom experiment, an
aqueous solution of the intralipid and the indocyanine green was used as the measured object. The PA probe
had optical fiber for illumination and piezoelectric film for detection placed at the identical position.

Results: The /,-norm minimization reconstructed more localized target than the Tikhonov regularization.

Conclusions: The /,-norm minimization is useful for the sparse PA image reconstruction.

Keywords: Absorption coefficient; image reconstruction; inverse problem; photoacoustic (PA) imaging

Submitted Sep 12, 2014. Accepted for publication Oct 31, 2014.

doi: 10.3978/j.issn.2223-4292.2014.11.22

View this article at: http://dx.doi.org/10.3978/j.issn.2223-4292.2014.11.22

Introduction

Biomedical imaging modalities, such as optical coherence
tomography (1) and optical topography (2), have garnered
attentions because of their abilities to provide structural and
functional information in the tissue by taking advantages
of the scattering and absorption of light while it propagates
through biological media. Some promising clinical
applications of optical imaging are being explored. Diffuse
optical tomography (DOT) (3) has been developed for the
non-invasive imaging of the cerebral blood concentration (4)
and for the diagnoses of breast cancers (5). By applying
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the near-infrared spectroscopic technique, clinically useful
information, such as oxygenation state of the blood, can
be obtained by DOT. Fluorescent molecular imaging also
exploits the light absorption, which can be used in small
animals for pre-clinical tests (6).

In recent years, photoacoustic (PA) imaging (7-9) has
been developed actively. PA imaging uses the thermoelastic
wave, referred to as PA pressure from the photon absorbers,
such as hemoglobin and exogenous contrast agents,
excited by laser irradiation (10-12). The PA imaging can
be applied to aid the diagnosis of cancers by providing the
functional information about the increase of the blood
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volume caused by angiogenesis (13). PA pressure, which
has a broad frequency band, is detected by the ultrasound
transducer. The photon absorbers, which generate PA
pressures, are imaged by the methods such as delay-
and-sum projection or circular backprojection used in
conventional medical ultrasound imaging (14). The image
of the photon absorbers deep inside the biological medium
can be obtained with high spatial resolution, compared with
conventional optical imaging. Scattering of light by the
tissues strongly attenuates the light intensity and decreases
the spatial resolution of optical imaging. The ultrasound is
also attenuated by the tissues, but the attenuation effect is
relatively small.

The amplitude of PA pressure depends on the optical
absorption coefficient of photon absorbers. So, the
absorption coefficient can be estimated from the PA
pressure by considering light propagation. The absorption
coefficient depends on molar extinction coefficient and the
concentration of photon absorber. By reconstructing the
distribution of absorption coefficient, the concentration of
targeted absorption coefficient is estimated (15-17). The
image reconstruction of the absorption coefficient is carried
out by minimizing the residual error between the measured
and theoretically predicted PA signals. Therefore, the
numerical calculation, such as finite element method (FEM)
of the PA signal, is needed for the image reconstruction.
Additionally, the amplitude of the PA pressure is not strictly
linear to the absorption coefficient. As a result, the non-
linear optimization scheme (18) is preferable in the image
reconstruction. The precise prediction of the PA signals
demands computing power. However, the non-linear
optimization process also involves computational cost.
Considering the actual clinical use, a quick and reliable
image reconstruction is desired.

The linearization of the relation between the PA
signals and absorption coefficient is effective to reduce the
computational cost. However, the quality of the image,
such as the spatial resolution and the quantification ability,
may be compromised. In this study, a linearized PA image
reconstruction is attempted in numerical simulation and
phantom experiment. In the meantime, the /,-norm of
the reconstructed image is also minimized in the image
reconstruction process in order to improve the localization
of the targeted photon absorber. The latter has been used
in the inverse problems and image processing in other
fields (19-22). The quality of the reconstructed image with
the /,-norm minimization is discussed to compare with the
conventional Tikhonov regularization.
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Materials and methods
Image reconstruction algorithm

To reconstruct the distribution of the absorption coefficient
from the detected PA pressures, the fundamental equations
dealing with the generation and the propagation of the PA
pressure, which is the photon diffusion equation (PDE) and
the PA wave equation, were applied. The light is scattered
and absorbed by the tissues in the biological media, and
the propagation of the light is the radiative transfer of
the photon energy. Therefore, the radiative transfer
equation (RTE) rigorously describes the light propagation
(23,24). The following PDE obtained from the diffusion
approximation of the RTE (25) was used in this study to
reduce the calculation cost,

{=V- D)V +1,(r) } O(r) = g,(r), [1]

where D=1/(3x,’) is the diffusion coefficient with the
reduced scattering coefficient ux,’, u,, the absorption
coefficient, @, the fluence rate, ¢q,, the light source, and 7,
the position. The robin boundary condition is usually used
with the PDE,

—n-DV® = ®/(24), 2]

where 7 is the vector outer normal to the surface of the
medium, and 4 is the parameter depending on the refractive
index of the medium. Eq. [1] can be solved for ® by FEM,
and the PA source H, which is the absorbed photon energy,
is calculated as H(r)=u (r)®(r).

On the other hand, the propagation of the PA pressure in
acoustically homogeneous medium is described by the PA
wave equation (8,9,15),

2

{—Vz +v12§t2} p(r1) = F%H(r)ﬁ(t), 3]
where v is the speed of the PA pressure, ¢, time, p, the PA
pressure, and 7, the Griineisen parameter representing the
efficiency of the PA pressure generation. Eq. [3] also can be
solved by the FEM.

Let us assume that the PA pressure is detected by the PA
probe which irradiates the light and detects the PA pressure
at the identical position, and that the PA pressure generated
directly below the PA probe is detected. The PA pressures
with 7 time samples are detected at the K positions.
According to Eq. [2], p is linear to H, the PA pressure,
which is m; of the T-vector, detected at the kth position
is formulated by discretizing the functions of 7 and r with
FEM as,
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Figure 1 Geometrical conditions of (A) the numerical simulation and (B) the phantom experiment. PA, photoacoustic; ICG, indocyanine

green.

m=LH, [4]

where H, is the S-vector which consists of the absorbed
photon energy at S discrete positions below the PA probe,
and L, is the TxS-matrix which projects H, to m.

H, is linearly approximated as, H, = H, (j1,)+J,Au,
where H, (i) is the energy absorbed by the background
medium with the absorption coefficient p, the SxN-matrix
J, consists of the differential coefficients of H, about K,, and
Ay, is the N-vector of the changes in x4, at the N discrete
positions in the whole medium. To reconstruct the PA
source, Ay, was reconstructed in this study. By assuming
the medium is large enough to say L~L; (j#k), and by
subtracting m, form m;, we obtain (26),

Am ,=(L H, - L, H)Au, =G, Aup,. (5]

then Ay, is reconstructed by solving the following
minimization problem,

n;l:un HAm—GAMa ? +7\,‘f, [6]

where Am is the CT-vector consists of Am,; with C of the
number of the combinations of k and j. G is the CTxN
matrix consists of G;;. f'is a regularization function, and 4
is the regularization parameter to adjust the effect of the
regularization. When p, is given, the distribution of y, is
calculated as 1, = Afi, + I, where A[, is the reconstructed
Au,.
In this study, we compared two regularization functions:
[,-norm and /,-norm of the reconstructed Au,. The function
employing the 7 -norm is described as £ =3" [au |”
]\:VherIe) A,L}tla},- i% the i tph component of A, (27).f ZH‘ o

Minimization of the /,-norm generally provides sparse
distribution of the reconstructed solution of the inverse
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problems expressed by the same manner of Eq. [6]. In
this study, it was expected that the photon absorber with
Ap, larger than the background was localized. In the
minimization process, Ay,,; and f were reformulated as
Apty; = 1z;1% sgn(z), and f = ZZI 2, respectively (26). The
optimization was carried out with the non-linear conjugate
gradient method.

Z;

On the other hand, minimization of the /,-norm, which is
usually referred to as Tikhonov regularization (28), provides
the smooth solution by reducing the influence of noise. The
solution with the /,-norm minimization was obtained as,

Ad, =(G"G+M)"' G" Am, (7]

where / is the identity matrix.

We tried the image reconstruction with following three
regularizations: the /,-norm minimization with 4 at the
corner of the L-curve (Reg.1), the /,-norm minimization
with 4 at the plateau of the L-curve (Reg.2), and the /,-
norm minimization with 4 at the corner of the L-curve
(Reg.3). Reg.2 used unusual selection of 1. The L-curve
can be regarded as the plot of f'as a function of the squared
error e in Eq. [6]. By selecting the position where |dfdel
is minimized, it was expected that Reg.2 would provide the
smoother distribution of Ay, than Reg.3, because Reg.2
took larger 4 than Reg.3.

Conditions of the numerical simulation

Figure 14 shows the geometrical conditions for the
numerical simulation. The medium of the PA pressure
was a 2D square with 50 mm side. The medium had
the background optical properties of x#,” =0.8 mm™" and
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I, =0.0023 mm™. The measurement of the PA pressure
was conducted at eleven positions with an equal spacing of
2 mm on the surface of the medium. There existed a photon
absorber with 2 mm side and g, =0.6, 1.1 or 1.7 mm™' on
x=0 mm. The depth at which the photon absorber is located
was y=5, 7 or 9 mm from the surface of the medium. The
measured data Am used in the inversion process were
calculated by the use of Eq. [5].

The 2D image reconstruction was carried out. The
positions of the irradiation and the detection were identical
in the image reconstruction process. The matrices of L, and
H, were calculated with FEM with Egs. [1] and [2]. FEM
employed 10,201 nodes and 20,000 triangular elements.
Gaussian noise with the standard deviation (SD) of 10 % of
the maximum of Am was added. The image reconstruction was
carried out on pixel basis as described in the literature (29).
A single pixel consisted of 25 nodes. Three trials of the image
reconstruction with Regs.1, 2 or 3 were carried out for each
combination of #, and the depth of the photon absorber.

Conditions of the phantom experiment

Figure 1B shows the schema of the phantom experiments.
The background of the phantom was an aqueous solution
of the intralipid and indocyanine green (ICG). The optical
properties of the phantom was adjusted to ,’ =0.8 mm™ and
K1, =0.0023 mm™ (30). The tube with an inner diameter of
1 mm and an outer diameter of 2 mm placed in the phantom
as a photon absorber. The tube contained the intralipid and
ICG with #,” =0.8 mm™ and g, =0.6, 1.1 or 1.7 mm™". The
depth of the photon absorber was y=5, 7 or 9 mm.

A tunable Ti:sapphire laser pumped by the second
harmonic of a Q-switch Nd:YAG laser (LT-221 and LS-
2134, Lotis Tii, Minsk, Belarus) was used for the laser
irradiation. The laser light was introduced into the optical
fiber. The optical fiber was installed in the cylindrical PA
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probe which had a ring shaped piezoelectric film P(VDF-
TrFE) (KF piezo-film, Kureha Corp., Tokyo, Japan) on the
edge of the PA probe (Figure 2). The edge of the optical
fiber was placed at the center of the piezoelectric film so that
the laser irradiation and the PA detection were conducted
at the identical position. The energy of the light from the
optical fiber was 4 mJ/pulse. The PA pressure was detected
at the eleven positions aligned perpendicularly to the long
axis of the tube of the photon absorber with an equal spacing
of 2 mm. The measured data were acquired by the digital
oscilloscope (DSO8104A, Agilent Technologies, Santa Clara,
CA) via the amplifier (SA-220F5, NF Corp., Yokohama,
Japan). The image reconstruction was carried out in 2D with
the same manner of the numerical simulation.

Results
Numerical simulation

Figure 3 shows the reconstructed images using the
regularization methods in the case of i, =1.1 mm™ and the
depth of 7 mm of the photon absorber. Reg.1 reconstructed
the localized g, distribution. The reconstructed value and
the positions of the photon absorber were corrected in
all cases with a combination of y, and depths. Reg.2 also
reconstructed the photon absorber at the correct position,
although the reconstructed value of y, was smaller and
the distribution was slightly broader than the true one.
The influence of the noise was not seen in the images
reconstructed with Regs.1 and 2.

Reg.3 reconstructed the maximum value of y, at the
correct position of the photon absorber. Although Reg.3
used Tikhonov regularization, the influence of the noise
was seen at the deep positions in the medium. The
reconstructed images in all cases with various #, and the
depths of the photon absorber had similar characters
depending on the regularization methods.

Figure 4 shows the signal-to-noise ratio (SNR) of the
reconstructed , of the photon absorber. SNR, was defined
as SNR, =10 log,y (Aftumer /61)°, where Apt, o is the average
of the maximum reconstructed Ay, and o, is SD of A,
estimated from the three trials with each of Regsl, 2 and 3.
Figure 44 shows the averages of SNR, among the cases with
the depths of 5, 7, 9 mm which were calculated for each
of the cases with g, =0.6, 1.1 or 1.7 mm™". The averages
of SNR, among the cases with x, =0.6, 1.1 or 1.7 mm™
calculated for the cases with the depths of 5, 7 or 9 mm are
shown in Figure 4B. SNR, were in the range from 30 to
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Figure 4 Averages of SNR, of the reconstructed images for (A) the
cases with g, =0.6 mm™' (red), 1.1 mm™ (green) and 1.7 mm™' (blue),
and (B) the cases with the depths of 5 mm (red), 7 mm (green) and
9 mm (blue).

40 dB in all cases. This means that Ay, ., was approximately
60 times larger than the error due to the measurement
noise. The dependences of SNR; on the depth, Ay, . of the
photon absorber or the regularization methods were not
seen in Figure 4.

On the other hand, Figure 5 shows SNR, defined as
SNR, =10 log, (Altyna/55)" , where o, was the total of the
reconstructed |Ay,| except Ay, ... In the same manner as
SNR,, the averages of SNR, calculated for the cases with
t, =0.6, 1.1 or 1.7 mm™" are shown in Figure 5A, and those
calculated for the depth of 5, 7 or 9 mm are in Figure 5B.
Reg.1 obtained SNR, of about 25 dB in all cases, while SNR,
of Regs.2 and 3 were about —10 and —15 dB, respectively. Ay,
of the photon absorber reconstructed with Reg.1 was 20 times
larger than the artifacts in the reconstructed image caused by
the noisy measurement data, while the artifacts were larger
than the reconstructed Ay, of the photon absorber in the
images reconstructed with Regs.2 and 3.

Phantom experiment

Figure 6 shows the reconstructed images in the case with
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Figure 5 Averages of SNR, of the reconstructed images for (A) the
cases with g, =0.6 mm™' (red), 1.1 mm™ (green) and 1.7 mm ™" (blue),
and (B) the cases with the depths of 5 mm (red), 7 mm (green) and
9 mm (blue).

4, =1.1 mm™" and the depth of 7 mm of the photon absorber
of the phantom experiments. The reconstructed values
were calibrated by the regression line fitting the give sets
of the true p, of the photon absorber and the averages of
the reconstructed values at the depths of 5, 7 and 9 mm.
The maximum value of g, was reconstructed at the correct
position for all combinations of x, and the depths of the
photon absorber by each of the regularization methods.
The reconstructed images demonstrated that Reg.1
reduced the influence of noise and localized u, distribution
more strongly than Regs.2 and 3 as well as in the previous
numerical simulation. The quality of the reconstructed
image was improved by the /,-norm minimization, although
the reconstructed photon absorber had the area larger than
true one. SNR, of the images reconstructed with Regs.1,
2 and 3 were —12.4, -23.0 and -31.3 dB, respectively. The
phantom experiment showed that Regs. 1 can obtain larger
SNR, than Regs.2 and 3.

U, of the photon absorber reconstructed with Reg.1 is
plotted as a function of the true #, of the photon absorber
for the numerical simulation and the phantom experiment
in Figure 7A4,B, respectively. In both of the numerical
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simulation and phantom experiment, the reconstructed g,
of the photon absorber reflected the increase of the true g,
with linearity on some level. Regs.2 and 3 also showed the
similar results. However, 4, depended on the depth of the
photon absorber in the phantom experiment. The deeper
position the photon absorber was placed at, the smaller the
reconstructed y, of the photon absorber was, while ..
did not depend on the depth of the photon absorber in the

numerical simulation.

Discussion

Artifacts appeared in the images reconstructed with
Reg.3 in both the numerical simulation and the phantom
experiment. The image reconstruction of y, from the PA
pressure took the light propagation in the medium into
account. At the deeper position, ® became small owing
to scattering and absorption of the light. To reconstruct
u, of the photon absorber in various depths correctly, the
image reconstruction algorithm compensated the rapid
decrement of ®@. This function of the image reconstruction
algorithm amplified the measurement noise observed at the
late times. The time at which the PA pressure was detected
corresponds to the distance from the detector to the photon
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absorber. So, the influence of the measurement noise
observed at the late times appeared as artifacts at the deeper
positions. The artifacts were reduced by Reg.2, because
/ was larger, and the smoothing effect of the Tikhonov
regularization of Reg.2 was stronger than that of Reg.3.

The photon absorber was reconstructed with large
SNR; at the correct position by Regs.1, 2 and 3, regardless
of u, and the depths of the photon absorber, although
SNR; fluctuated owing to the measurement noise. SNR,
quantitatively shows that Reg.1 strongly suppressed the
influence of measurement noise on the reconstructed
image, regardless of p, and the depths of the photon
absorber. Reg.1 was superior to Regs.2 and 3 in the sense of
SNR,. Reg.2 is better to be used to reduce the influence of
measurement noise than Reg.3 which used the conventional
parameter selection for the Tikhonov regularization. SNR,
in the phantom experiment was smaller than that in the
numerical simulation, because the reconstructed large g,
distributed larger than true one and some artifact appeared
owing to noise.

Through the numerical simulation and the phantom
experiment, Reg.1 obtained the reconstructed image
effectively suppressing the influence of the measurement
noise, because the reconstructed distribution of Ay, needed
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to be sparse to minimize the /,-norm. It is known that
the regularization minimizing the /,-norm with p smaller
than unity generally obtains sparse solutions of inverse
problems (19,20). It was demonstrated that the /,-norm
minimization provided the sparse solution robust to noise
by the evaluations of the reconstructed images with SNR,
and SNR,. The characteristic of the /,-norm minimization
in obtaining the sparse solution can be useful to image
small imaging targets, such as micro-blood vessels and the
cancers at early stage labeled by the contrast dye in a small
region. The robustness to noise of the image reconstruction
with the /,-norm minimization can be helpful for the image
reconstruction of small imaging targets, because the PA
pressure from the small imaging target is small and the
SNR of the PA pressure is low.

Some side effects of the powerful regularization should
be noticed. Regs.1 and 2 may suppress the smaller PA
signals from the photon absorber embedded deeply
inside the medium. Additionally, the strong localization
effect of Reg.1 can reconstruct the distribution of the
photon absorber smaller than true ones when the true
photon absorbers are broadly distributed. The PA image
reconstructed with a certain regularization method should
be carefully interpreted for the medical diagnosis by
considering the characteristics of the regularization method.

Figure 64 shows that Reg.1 quantitatively reconstructed
u, of the photon absorber when the image reconstruction
algorithm fit the physical model of the PA measurement.
The difference between Figure 64,B can occur because
of the 2D image reconstruction used in this study. In
the phantom experiment, the light and the PA pressure
propagated in larger volume of 3D medium than that of
2D medium. Then, the excitation light and PA pressure
from deeper position in 3D medium was attenuated more
strongly than that predicted in 2D medium.

However, p, at the depth of 5 mm was twice as large
as that of 9 mm, while the PA pressure from the depth of
5 mm was about 5-fold of that of 9 mm in the phantom
experiment. This means that the 2D image reconstruction
compensated the attenuation of the light and PA pressure to
some extent, although the 2D image reconstruction cannot
recover them perfectly.

Conclusions

In this study, the effect of the /,-norm minimization on
the image reconstruction from the PA measurement was
compared to the Tikhonov regularization. By the numerical
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simulation and the phantom experiment, we demonstrated
that the /,-norm minimization localized the distribution of
the absorption coefficient and clearly imaged the photon
absorber in the medium. The influence of noise on the
reconstructed image was sensible by using the Tikhonov
regularization in this study. The image reconstruction with
the regularization minimizing the /,-norm is useful for
the PA measurement when the distribution of the photon
absorber is sparse and the signal-to-noise ratio of the
detected PA pressure is low. The /,-norm minimization can
be used for the nonlinear image reconstruction algorithm.
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